We present the experimental data and analysis of experiments conducted at SLAC National Accelerator Laboratory investigating the processes of channeling, volume-reflection and volume-capture along the (111) plane in a strongly bent quasimosaic silicon crystal. These phenomena were investigated at 5 energies: 3.35, 4.2, 6.3, 10.5, and 14.0 GeV with a crystal with bending radius of 0.15 m, corresponding to curvatures of 0.053, 0.066, 0.099, 0.16, and 0.22 times the critical curvature, respectively. Based on the parameters of fitting functions we have extracted important parameters describing the channeling process such as the dechanneling length, the angle of volume reflection, the surface transmission, and the widths of the distribution of channeled particles parallel and orthogonal to the plane.
I. INTRODUCTION
Channeling in bent crystals has been thoroughly studied for protons with the purpose of, e.g., proton extraction at accelerator facilities [1] [2] [3] and for collimation [4] [5] [6] . Much less is known about the efficiency of channeling of electrons in bent crystals. In this paper we present a quantitative investigation of channeling and related phenomena in a strongly bent silicon crystal. The ordered structure of the crystal lattice gives unique access to electromagnetic field strengths otherwise experimentally inaccessible [7] which can be manipulated by e.g. bending of the crystal, as in this experiment, or otherwise inducing a strain in the crystal as exploited in certain new types of crystalline undulators [8] [9] [10] [11] [12] [13] . Understanding the dynamics of the electron motion in a bent crystal is important both for the application of bent crystals, but also in order to obtain a better understanding of the dynamics in e.g. crystalline undulators. This paper is a continuation of [14] . Here we include experiments at three other energies conducted after the submission of [14] , thus presenting a far more detailed study.
II. THEORY
Channeling is a phenomenon which occurs in aligned single crystals. If an impinging particle is traveling along a direction of symmetry in the crystal, the motion will no longer be governed by the particle's interaction with an individual atom, but the coherent interaction of many atoms along a crystalline axis or plane. This allows one to average the potential of each atom over the general direction of motion (along the axis or plane), yielding the "continuum" transverse potential. An often employed model of the planar (111) continuum potential is the thermally averaged Doyle-Turner potential of the form [15] UðxÞ ¼ 2 ffiffiffi π p Z 1 e 
where Z 1 is the charge number of the projectile, ρ ¼ 0.062 Å is the r.m.s. thermal vibrational amplitude at room temperature for Si, a 0 ¼ 0.53 Å is the Bohr radius, N is the number density of atoms, and B i ¼ b i =4π 2 and x is the coordinate transverse to the plane. See Table I for For Si the coefficients are given by [15] .
The potential Eq. (1) depends only on one coordinate, transverse to the (111) plane. We define the "transverse mechanical energy" as
which is a conserved quantity to leading order in 1 γ 2 . Here p ⊥ is the momentum component normal to the plane and γ is the relativistic Lorentz factor of the impinging electron. The critical angle is defined as the largest angle the electron can have with the plane while still being bound in the transverse potential. From Eq. (2) one obtains
where U 0 is the depth of the potential, E the energy of the impinging electron and β ¼ v c its velocity in units of c, the speed of light. In a bent crystal, channeling is easily described in a rotating coordinate system such that the x-coordinate is the displacement from the bent channel in the radial direction of the bending arc. This choice of coordinate system gives rise to a centrifugal force. For a relativistic particle this is equivalent to a centrifugal barrier potential of the form
where R is the bending radius of the crystal. The motion of the channeled particle is therefore described by an effective potential
See Figure 1 for plots of the potential for the relevant energies. It is evident that the bending of the crystal reduces the potential depth and thus the effective critical angle in Eq. (3) . If the centrifugal potential barrier of Eq. (4) changes by a significant amount compared to the potential depth of the unbent crystal over an interplanar distance one approaches criticality, and the bending of the crystal cannot be treated as a small perturbation to the unbent case. This is closely related to the critical radius, defined as the radius of curvature where the largest value of the field compensates the centrifugal force. In the case of the (111) plane, there are 2 planar distances, and the critical radius of the largest plane is then given by
Typically the critical radius is calculated based on the more precise Moliere or Doyle-Turner potential see e.g. [16] , but in analytical formulas for the dependence of e.g. dechanneling length and surface acceptance on the curvature R, the parabolic approximation is used and this is the critical radius in this approximation. From Eq. (6) it is seen that the critical radius for 14.0 GeV is 3.3 cm which is comparable in magnitude to the 15 cm radius of curvature of the crystal in this experiment.
A. Dechanneling
In a crystal of significant length, the simple picture of a conserved transverse mechanical energy is too simple. Multiple scattering of the channeled particle leads to an increasing transverse mechanical energy that results in the particle leaving the channel and the motion is no longer bound. The typical length over which this happens is called the dechanneling length and its size is found by equating the scattering angle due to multiple scattering to the critical angle of Eq. (3). The result is given by [17] 
where α is the fine structure constant and X 0 the radiation length in the amorphous medium. A simple model of dechanneling is obtained by assuming a constant probability per unit length per particle to dechannel,
, giving an exponential decay of the number of particles in the channel [18, 19] 
Equation (8) is for the dechanneling length in a straight crystal. This simple model can easily be modified to the case of a bent crystal. From Eq. (5) it is seen that the potential depth from the case of a straight crystal is, to first order in 
which is applicable while R ≫ 2R crit . By comparing this formula obtained by using the parabolic approximation to the exact result obtained numerically using the DoyleTurner potential, there is a discrepancy of at most 13% at the highest energy.
B. Volume capture and volume reflection
The phenomenon of volume capture in a bent crystal is the process where a particle, initially unbound, scatters and loses transverse mechanical energy to become bound -"captured" in the channel. As such it is closely related to the dechanneling phenomenon [20, 21] . Volume capture occurs when the particle is not aimed directly into the acceptance of the channel, but at an angle less than the total bending of the crystal. A rudimentary model of the volume capture efficiency can be obtained in the following manner. An incoming particle is close to the barrier over a distance on the order of θ c R and since multiple scattering will randomly increase or decrease the transverse mechanical energy the probability per unit length per particle to become captured is also (7) to be correct [16, 22] . Particles not captured in this manner will remain unbound, but will be deflected with respect to the incoming beam in a direction opposite to the captured particles. This effect is known as volume reflection (VR) [23, 24] . In Eq. (5) there is an additional linear term in the potential as compared to the case of a straight crystal which means a volume reflected particle initially starts with transverse mechanical energy far above the potential barrier until reaching the turning point at which the crystal potential causes an additional deflection of at most the critical angle. Therefore one expects the angle of volume reflection to be similar to the critical angle i.e. with an energy dependence of E 
C. Surface transmission
For a beam with no angular divergence, the surface transmission can be determined analytically. The surface transmission is defined as the fraction of particles that become transversely bound upon entry into the crystal to the total number of incoming particles. Over a single channel the distribution of incoming particles is uniform, therefore the surface transmission is the ratio of the length over which the potential seen in Figure 1 is negative, compared to the length over which the force is periodic which is 2d p . By approximating the potential in Figure 1 by parabolas around the point −d p and d p one can determine the surface transmission. We write
where rectðxÞ is the rectangular function which is 1 of jxj < 1 2 and 0 otherwise. The leftmost limit of acceptance is determined by the leftmost point a where U 0 ðaÞ ¼ 0 and the rightmost limit b by the condition that UðbÞ ¼ UðaÞ.
The acceptance factor is then
. Including the constant fraction that dechannel due to thermal vibration of the nuclei as seen in [16] we obtain
where u ¼ 0.062 Å is the thermal vibrational amplitude for Si at room temperature. In Figure 2 we show this formula compared with the exact result obtained numerically using the Doyle-Turner potential.
In Table II we have calculated the values of some of the important parameters for the energies of the experiment.
D. Simulations
We will compare the experimental measurements with the simulation code DYNECHARM++ [25] . The code allows the tracking of a relativistic charged particle inside a crystalline medium via the numerical integration of the classical equations of motion. The continuum potential approximation proposed by Lindhard is used [21] . The electrical characteristics of the crystal within this approximation are computed by means of the ECHARM code [26] . Since the multiple and single scatterings may cause the particle to dechannel/rechannel, such incoherent scattering has been included into the simulation. Since the encountered number of nuclei and electrons depends on the particle trajectory [21] , in the simulation the normalized distribution of scattering angles [27] scales with the ratio between the density of matter encountered by a particle and the average density of the material. Moreover, the experimental measurements were compared with the results of the Geant4 Monte Carlo toolkit [28] , which allows the simulation of the coherent effects of charged particles in crystals [29] .
III. EXPERIMENTAL SETUP AND PROCEDURE
The silicon (Si) crystal used in this experiment was fabricated [30] at the Sensors and Semiconductor Laboratory at the University of Ferrara with crystallographic orientation chosen to produce quasimosaic bending FIG. 5 . The probability density relative to the maximum probability density of the deflected particles as a function of the crystal angle for the case of 4.2 GeV electrons. of the (111) plane [31] . Saturation of the YAG screen is negligible at the bunch charge 10 8 particles per bunch that was provided for this experiment [32] . The beam divergence was measured to be less than 10 μrad rms by the wire scanners. The spot-size was less than 150 μm and the momentum spread reduced to about 0.15%.
IV. DATA ANALYSIS AND RESULTS
The experimental measurements were performed by rotating the crystal in small angular steps and recording an image of the circular YAG screen. The camera was mounted at an angle with respect to the screen which distorted the image. An ellipse was fitted along the edge of the screen, for this was known to be circular. This allows one to revert this image distortion due to the positioning of the camera. A region of the screen is chosen such that the edge of the screen is avoided. The crystal deflects particles in the horizontal plane and we sum the intensity in the vertical plane and normalize the probability distribution as seen in e.g. Figure 8 . For each crystal angle several images were taken. Images with low or high (camera saturated) light intensities were ignored. Plotting the distribution along the y-axis with the crystal angle along the x-axis one obtains the so called "triangle plots," (Figures 2, 4 , 5, 6, and 7 represent the raw data). A crystal angle of 0 was chosen to be the orientation of closest direct entry of the beam into the channel as could be experimentally realized. This orientation, along with the halfway of the full bending of θ b ¼ 402 μrad, (roughly θ b
2 ) termed the volume reflection orientation, will be investigated in detail. In the triangle plots of Figure 4 to Figure 7 some features should be noted. When the beam has a tangent along the curved crystal plane, volume reflection takes place giving rise to the downshifted horizontal island in these figures. The skewed line shows the particles not reflected at the tangent between the bent plane and beam, but captured and following the curvature until the end of the crystal. The small island at the end of the skewed line arises due to particles entering directly into the crystal channel acceptance at the crystal face, and which travel along the whole curvature of the crystal plane. The vertical line connecting this island and the lower horizontal island are the particles that were captured at the crystal face, but then dechannel along the way.
In Figure 8 and Figure 9 the probability density of the deflected particles is plotted for the two different cases described above. In Figure 8 , some general tendencies can be identified. The width of the large leftmost peak, becomes narrower as does the channeled peak due to the decreasing critical angle. In Figure 9 the large leftmost peak due to volume reflection moves closer to the undeflected position and the width decreases as energy increases. To extract quantitative information from these distributions we consider a fitting procedure consisting of two Gaussian probability distributions for the two peaks and a function for the dechanneled particles in between to be specified. For i ¼ 1, 2 we have two Gaussian distributions FIG. 7 . The probability density relative to the maximum probability density of the deflected particles as a function of the crystal angle for the case of 10.5 GeV electrons.
FIG. 8. The probability density of the deflected particles when the crystal is in the channeling orientation for the different energies in the experiment.
where P i is the fraction of particles in this peak, σ i the standard deviation of the distribution and μ i the center. The undeflected/volume reflected particles are denoted by i ¼ 1 and either the channeled or volume captured particles are denoted by i ¼ 2. The probability to dechannel per angle in the exponential decay model of Eq. (8) is
Therefore the probability distribution of the dechanneled particles becomes
This formula can be understood as follows: The probability to find a particle at an angle θ is the sum over the possible ways this can happen. A fraction of the particles dechanneling at angle θ 0 can end up at the angle θ due to the distribution of particles in the channel. The above can also be rewritten as
where
. The exponential dechanneling model means that P 2 is given by
This model therefore contains six free parameters:
It turns out that the non-Gaussian tail of the undeflected peak has a large influence on the fit between the two peak functions which is important when trying to determine the dechanneling length. A sum of two Gaussians fits the peak in the "amorphous" orientation very well which we write in the form
where the standard deviation of the second Gaussian is rσ 1 . The values of A and r were then found by performing a fit in the amorphous orientation and we obtain the values found in Table 3 .
In Figure 10 and Figure 11 the data in the "channeling" orientation for the lowest and a high energy are fitted according to the model described here. The results are shown in Table IV .
Performing the same type of fit to the results of the simulations shown in Figure 14 one obtains the results shown in Table V. The errors given here are only statistical. The simulations were performed with beam angular divergences of 30 μrad, 27.5 μrad, 21.5 μrad, 10 μrad, and 10 μrad for the energies 3.35 GeV, 4.2 GeV, 6.3 GeV, 10.5 GeV, and 14.0 GeV, respectively. Similarly in Figure 12 and Figure 13 , the same fit is applied to the case where the crystal is roughly at the angle of θ b 2 and the results are shown in Table VI . It is important to note that the model presented here is different than the one used for the analysis of the 3.35 and 6.3 GeV data seen in [14] . Therefore different numbers for e.g. the dechanneling length is obtained. In particular the approach using a double Gaussian for the amorphous/VR peak is a difference and that we in the model used in this paper have one less fitting parameter. This model is thus more constrained. In [14] it was noted that the dechanneling length could be determined in two ways. One based on the shape of the distribution (e.g. Figure 11 ) between the two peaks, and another based on the relative sizes of the two peaks. In [14] this gave rise to two different dechanneling lengths. The model used here is constrained such that this is not a possibility. Using one less fitting parameter it is expected that the fit could be worse. However, generally the fits are good, but worse for higher energy than at low energies (10.5 and 14 GeV are about equally good). Only in the case of the VR orientation at 14 GeV is the fit worse than the example shown by Figure 12 but this also to a considerable degree.
A. Multiple scattering of channeled particles parallel to the plane
In Figure 15 we have plotted the r.m.s. standard deviation, σ ∥ , of the Gaussian function fitted to the distribution of channeled particles in the direction parallel to the plane i.e. in the "free" direction in the continuum potential approximation. It is therefore expected that multiple scattering determines the width in this case. The multiple scattering width scales as 1=E and performing a fit we obtain the best fit to be given by The usual formula [27] for multiple scattering would predict the factor to be 302 μrad × GeV, thus an increased scattering is observed. This is likely due to negative particles crossing the plane during channeling oscillations and thus more often encounter hard scattering with the nuclei [18, 29, 33] . We are not aware of a derived theoretical formula which predicts the size of this effect and it seems difficult to do so since channeling is usually described by the continuum potential which neglects incoherent scattering. This effect is an interplay between the incoherent scattering and the channeling motion which are usually described separately. Simulation of the effect should, however, be possible.
B. Angular distribution of channeled particle orthogonal to the plane
In Figure 16 we have plotted the r.m.s. standard deviations σ 2 from Table IV and a fit to a power function that yields
Since the critical angle scales as 1= ffiffiffi ffi E p we have also performed such a fit to obtain
The scatter of the points around these curves indicates a systematic error which is likely due to the limited resolution of the rotational stage, i.e. it is not guaranteed that the crystal is at exactly the same angle to the beam for each energy.
C. Deflection angle of volume reflected particles
In Figure 17 we have plotted the deflection angle in volume capture orientation (−μ 1 from Table VI) versus the beam energy and fit the data to two different functions. Fitting the data to a power function we obtain
Again, we would expect there to be a 1= ffiffiffi ffi E p scaling. With such a fit we obtain
D. Efficiency of volume capture
In the case of "volume reflection orientation," P 1 gives the fraction of reflected particles and the rest will have been captured, such that 1 − P 1 is the fraction of particles captured. From Sec. II, we expect the volume reflection to scale with energy as E −3=2 [20] . We have therefore performed such a fit along with a fit to a power function, see Figure. 18, and obtained
and
It is seen that the fitted power function is close to a 1= ffiffiffi ffi E p scaling. If one assumes an energy independent dechanneling length L D as is indicated experimentally, one would also expect the volume capture efficiency to instead scale as 1= ffiffiffi ffi E p . Although this observation may be surprising, the data set thus consistently shows a dechanneling length that is largely independent on energy.
E. Discussion of the dechanneling length and surface transmission
In Table V and Figure 19 , supported by the fit in Figure 18 , as discussed, it is evident that the dechanneling lengths obtained from the simulation has a dependence on energy which is not directly proportional as the simple formula of Eq. (7) prescribes. The formula which has been corrected for the crystal bending Eq. (9) however, has a qualitative agreement. Based on this we performed a fit where we allowed for a constant scaling front factor, and a variable scale factor on R c , determined by the fit. This yields
In Eq. (9) the front factor is 20.3 Table VI . "Fit 1" is a fit to a function of the type aE −3=2 and "Fit 2" is a fit to a power function ðaE b Þ.
FIG. 19.
A plot of the "simple" dechanneling formulas of Eqs. (7), (9), (23) and of the experimental and simulated values.
higher than a factor of 2 cannot be expected, but should give the correct scaling and order of magnitude. Eq. (23) should thus be usable as a predictive formula for other energies and bending radii of the Si (111) plane.
The measured and calculated [from Eq. (11)] values of the surface transmission are in good agreement and are plotted in Figure 20 . In this case the fluctuation of the data points around this curve we also attribute to the uncertainty on the beam entry angle.
V. CONCLUSION
We have presented a detailed experimental study of the deflection of electron beams of GeV energies using bent crystals. Furthermore, we have shown that a fitting procedure based on (1) a simple exponential decay model of channeled particles and (2) that these particles are distributed according to a Gaussian distribution within the channel, fit the data with good agreement. Based on the parameters of the fitting functions we have extracted important parameters describing the channeling process, such as the dechanneling length, the angle of volume reflection, the surface transmission and the widths of the distribution of channeled particles parallel and orthogonal to the plane. The scattering parallel to the plane fits well with the usual functional dependence of multiple scattering on energy but is larger than amorphous/random by a factor of 1.7. For the distribution of channeled particles, the mean of the angle of volume reflection and the efficiency of volume capture, were fit to power functions with a free exponent and to a exponent fixed by that predicted by "simple" theory. In these cases, a significant deviation is seen in the exponent which indicates that the simple theory may be too simple to describe the results of this experiment. The simple formula for surface transmission, however, works out well. The dechanneling lengths observed in these experiments are significantly shorter than predicted by the simple theory and the dechanneling length in "VR orientation" is seen to be consistently smaller than in "channeling orientation" indicating preferential population of high-lying transverse energy states in VR mode. However, in the DYNECHARM simulation, good agreement is seen in the angular distributions of the exiting particles and the obtained dechanneling lengths. It would be interesting if a similar experiment is conducted with positrons instead.
